Abstract. Let B be a translation invariant Banach function space (BF-space). In this paper we prove that every temperate distribution f can be associated with a function F analytic in the convex tube Ω = {z ∈ C d ; | Im z| < 1} such that the wave-front set of f of Fourier BF-space types in intersection with R d × S d−1 consists of the points (x, ξ) such that F does not belong to the Fourier BF-space at x − iξ.
Introduction
Wave-front sets of Fourier Banach function types where introduced by Coriasco, Johansson and Toft in [1] . Roughly speaking, the wavefront set of Fourier Banach function type, WF FB (f ), of a distribution f , consists of all pairs (x 0 , ξ 0 ) such that no localization of the distribution f at x 0 belongs to FB in the direction ξ 0 . Several properties of classical wave-front sets (with respect to smoothness) can be found in Hörmander [12] . One of these are mapping properties for pseudodifferential operators (with smooth symbols) on wave-front sets which were generalized to Fourier Lebesgue type by Pilipovic, Teofanov and Toft in [14] . These properties were also proved to hold for wave-front sets of Fourier Banach function types. (Cf. Coriasco, Johansson and Toft [1] .)
In this paper we consider another property of wave-front sets concerning association between a temperate distribution and an analytic function, which was proved for classical wave-front sets by Hörmander in [12] . More precisely, Hörmander showed that every temperate distribution f can be associated with a function F analytic in the convex tube {z ∈ C d ; | Im z| < 1} such that
and
Here WF L (f ) is the wave-front set with respect to a class of smooth functions C L . (Cf. Section 8.4 in Hörmander [12] .) In this paper we generalize this result to wave-front sets of Fourier Banach function types. We show that for every temperate distribution f there exists a function F with the properties given before, satisfying (0.1) and such that
Since every Lebesgue space is a Banach function space we get by choosing B = L p that the analogous result for wave-front sets of Fourier Lebesgue types is contained in (0.2) as a special case.
As shown later on in this paper, analogous results hold also for the weighted cases as well as inf types and modulation space types of wavefront sets. The latter is a direct consequence of the identification of wave-front sets of Fourier BF-spaces types with wave-front sets of modulation space types.
The modulation spaces were introduced by Feichtinger in [2] , and the theory was developed in [4] [5] [6] 9] . The modulation space M(ω, B), where ω is an appropriate weight function (or time-frequency shift) on phase space R 2d , appears as the set of temperate (ultra-)distributions whose short-time Fourier transform belong to the weighted Banach space B(ω). This family of modulation spaces contains the (classical) modulation spaces M p,q (ω) (R 2d ) as well as the space W p,q (ω) (R 2d ) related to the Wiener amalgam spaces. In fact, these spaces which occur frequently in the time-frequency community are obtained by choosing
) (see Remark 6.1 in [1] ). The paper is organized as follows. In Section 1 we recall the definitions and some basic properties for translation invariant Banach function spaces (BF-spaces) and Fourier Banach function spaces. In Section 2 we prove that every temperate distribution f can be associated with a function F analytic in a convex tube satisfying (0.1) and (0.2). Analogous results are given in Sections 3-5 for the weighted case, inf types and modulation space types, respectively. We use this result in Section 6 to show some further properties of these wave-front sets. In particular we show a result about the relation between wave-front sets of Fourier Banach function types and analytic wave-front sets.
Preliminaries
In this section we recall some notations and basic results. The proofs are in general omitted. In what follows we let Γ denote an open cone in
for some constant C which is independent of x, y ∈ R d . If v in (1.1) can be chosen as a polynomial, then ω is called polynomially moderate. We let P(R d ) be the set of all polynomially moderated functions on R d . We say that v is submultiplicative when (1.1) holds with ω = v. Throughout we assume that the submultiplicative weights are even. If ω(x, ξ) ∈ P(R 2d ) is constant with respect to the x-variable (ξ-variable), then we sometimes write ω(ξ) (ω(x)) instead of ω(x, ξ). In this case we consider ω as an element in P(R 2d ) or in P(R d ) depending on the situation.
For any weight ω in
The Fourier transform F is the linear and continuous mapping on 
loc (R d ) satisfy g ∈ B and |f | ≤ |g| almost everywhere, then f ∈ B and
Assume that B is a translation invariant BF-space. If f ∈ B and h ∈ L ∞ , then it follows from (3) in Definition 1.1 that f · h ∈ B and
are such v and v 0 are submultiplicative, ω 0 is v 0 -moderate, and assume that B is a translationinvariant BF-space on R d with respect to v. Also let B 0 be the Banach space which consists of all f ∈ L 1 loc (R d ) such that f B 0 ≡ f ω 0 B is finite. Then B 0 is a translation invariant BF-space with respect to v 0 v.
For future references we note that if B is a translation invariant BFspace with respect to the submultiplicative weight v on R d , then the convolution map * on S (R d ) extends to a continuous mapping from
to B, and for some constant C it holds
In fact, if f, g ∈ S , then f * g ∈ S ⊆ B in view of the definitions, and Minkowski's inequality gives
and f ∈ S , and that (1.2) holds in this case. The result is now a consequence of Hahn-Banach's theorem. From now on we assume that each translation invariant BF-space B is such that the convolution map
We note that B can be any mixed and weighted Lebesgue space.
In particular we then have that
Assume that B is a translation invariant BF-space on
Recall that a topological vector space
For future references we note that if B is a translation invariant BF-space on R d , then it follows from (1.2) that FB is a local space, i. e.
(1.3) These functions will play an important role when proving the main results. We therefore explicitly give properties of these functions. These results can be found in Section 8.4 in Hörmander [12] .
Let I be given by (1.3) then we have that I(ξ) = 2 cosh ξ for d = 1 and
where c d−1 is the area of S d−2 . Then I 0 is an even analytic function in C such that for every ε > 0
Furthermore there is a constant C such that for all ρ ∈ C we have that
The following lemma can be found with proof in [12] .
Here Ω = {z ∈ C; | Im z| < 1}. Furthermore, for any closed open cone Γ ⊂ Ω such that z, z is never ≤ 0 when z ∈ Γ \ 0 there is some c > 0
We have for real x and y that
holds by Cauchy's inequalities. (Cf. [12] .)
Analytic functions associated with temperate distributions
In this section we show that (0.2) holds. Assume that ω ∈ P(R d ). We recall that the wave-front sets of weighted Fourier Banach function types
for every open conical neighbourhood Γ ξ 0 of ξ 0 , and ϕ ∈ C Let
Remark 2.2. For convenience we say that f ∈ FB at x 0 if the statement in Definition 2.1 is true for ω ≡ 1.
We use the notation sing supp B(ω) f = sing supp B f when ω ≡ 1.
Then by the compactness of unit sphere we can choose a neighbourhood K of
The next theorem is given without proof since the result follows directly from Theorem 8.4.8 in Hörmander [12] together with the observation that WF FB (f ) ⊆ WF(f ).
for some γ > 0. Also let F be an analytic function in Z such that
Then F (· + iy) has the limit F 0 ∈ D ′N +1 (X) as y ∈ Γ tends to zero and
Next we associate the temperate distribution f with a function F analytic in the convex cone
We recall the following result from Hörmander [12, Theorem 8.4.11] .
The boundary values
with values in S ′ (R d ), and
Next we give the main theorem.
Theorem 2.7. Assume that f and F satisfies the conditions in Theorem 2.6. Then we have that
We remark that F is in FB at x − iξ if for some neighbourhood V of (x, ξ) there exists some localization ϕ ∈ C ∞ 0 with ϕ = 1 in V such that ϕf ∈ FB. Before the proof we note that C L is a subset of FB.
Proof. First assume that (x 0 , ξ 0 ) ∈ WF FB (f ) and |ξ 0 | = 1. Then we want to show that F = K * f ∈ FB at x 0 − iξ 0 . By the hypothesis there exist r > 0 and
We also recall that since ϕ x 0 f has compact supports it holds
is well-defined when |y| 2 < 1 + |x − t| 2 , so it is welldefined and rapidly decreasing with all derivatives when |t − x 0 | ≥ r if
(Cf. Lemma 8.4.10 and Theorem 8.4.11 in [12] .) It follows that K * v is analytic and bounded in compact subsets of the set defined by (2.3), which is a neighbourhood of
. By (8.4.12) in Hörmander [12] it follows that
Using this we conclude that
For the first part in the right-hand side of (2.4) we recognize that for every y such that |y| < 1 sup ξ e − y,ξ −|ξ| (1 + |ξ|) (d−1)/2 < ∞ and therefore
Then for the second part we have that
Hence we obtain
B < ∞ This completes the first part of the proof.
For the second part of the proof we need the following lemma. Lemma 2.8. Let dµ be a measure on S d−1 and Γ an open convex cone such that y, ξ < 0 when 0 = y ∈ Γ, ξ ∈ supp dµ. If F is analytic in Ω and satisfies (2.1), then
For every measure dµ on S d−1 we have
Proof. The first statement was proved by Hörmander in [12, Theorem 8.4.12] . Let Γ
• be the dual cone of Γ. By Theorem 2.5 it follows that
Assume that x 0 ∈ {x; F ∈ FB at x + iξ for every ξ ∈ supp dµ}.
Then we have that for every ξ 0 ∈ supp dµ there exists an open neighbourhood U ξ 0 of (x 0 , ξ 0 ) and a function ϕ ξ 0 ∈ C ∞ 0 with supp ϕ ξ 0 ⊆ U ξ 0 such that x → ϕ ξ 0 F ∈ FB. Since the set {x 0 + iξ; ξ ∈ supp dµ} is compact, it follows from arguments about compactness that there exist finitely many points ξ j such that
For every ξ j we choose an open neighbourhood X ξ j of x 0 and let X = X ξ j . Then we can choose ϕ 0 ∈ C ∞ 0 equal to one in the neighbourhood X of x 0 such that x → ϕ 0 F ∈ FB. Furthermore, we have that there exists ϕ ∈ C ∞ 0 , with support in a neighbourhood of x 0 , such that
Then ϕF µ ∈ FB at x 0 . From the arguments above it follows that sing supp B (F µ ) ⊂ {x; F is not in FB at x + iξ for some ξ ∈ supp dµ}.
Then we may write dµ = dµ j where supp dµ j is contained in the intersection of supp dµ and a narrow open convex cone V j . Applying the result just proved with dµ replaced by dµ j and Γ replaced by the interior of the dual cone −V • j we obtain
If −ζ/|ζ| / ∈ supp dµ or F ∈ FB at x−iζ/|ζ| we can choose the covering so that −ζ/|ζ| / ∈ V j for every j or for all j = 1 while F ∈ FB at x + iξ for every ξ ∈ V 1 . In both cases it follows that (x, ξ) / ∈ WF FB (F µ ) which proves (2.5). This completes the proofs of Lemma 2.8 and Theorem 2.7.
The following Corollary is an analogue to Corollary 8.4.13 in Hör-mander [12] . 
Proof. Let φ j be the characteristic function on
Then it follows by straight-forward calculations that f
From Theorem 2.7 and Lemma 2.8 it follows that (2.6) holds using that φ j has support in Γ j ∩ S d−1 and letting dµ j (ξ) = φ j (ξ) dξ. Use the measure defined above and treat the integrals on the right-hand side of (2.8) separately. By using the arguments above we see that the wave-front sets of these integrals are contained in
respectively. Now (2.7) follows immediately from this together with the fact that f j and f ′ j satisfies (2.6).
Wave-front sets of weighted Fourier BF-types
In this section we consider weighted Fourier BF-spaces and prove results analogous to the non-weighted case. We start by assuming that B is a translation invariant BF-space and ω ∈ P(R d ). Then let B 1 = B(ω). By the following lemma we see that there is no restriction to assume that ω is v 0 -moderated for some v 0 ∈ P(R d ) which is submultiplicative.
Lemma 3.1. Assume that ω ∈ P(R d ). Then there exists v 0 ∈ P(R d ) such that v 0 is submultiplicative and
where the constant C > 0 is independent of x ∈ R d .
Proof. Assume that ω ∈ P(R d ). Then we can choose constants N and C large enough such that
Note that C and N do not depend on x ∈ R d . From the fact that
for every x, y ∈ R d it follows that x N is submultiplicative and polynomially moderated.
Assume that ω, v ∈ P(R d ) and that v is submultiplicative. By the previous lemma we may choose v 0 ∈ P(R d ) such that v 0 is submultiplicative and ω is v 0 -moderate. Also assume that B is a translation invariant BF-space on R d with respect to v and let B 1 be the Banach space which consists of all f ∈ L 1 loc (R d ) such that f B 1 ≡ f ω B is finite. We recall from Remark 1.2 in [1] that B 1 then is a translation invariant BF-space with respect to v 0 v.
Next we state the main results in the weighted version. Since these results are obtained directly using the statement above together with the analogous results for the non-weighted case we give the following results without proofs.
Theorem 2.7
′ . Assume that f and F satisfies the conditions in Theorem 2.6. Also assume that ω, v, v 0 ∈ P(R d ) are such that v and v 0 are submultiplicative, ω is v 0 -moderate, and assume that B is a translation invariant BF-space on R d with respect to v. Then we have that
Lemma 2.8 ′ . Let B and ω, v and v 0 be defined as in the previous theorem. Also let dµ be a measure on S d−1 and Γ an open convex cone such that y, ξ < 0 when 0 = y ∈ Γ, ξ ∈ supp dµ. If F is analytic in Ω and satisfies (2.1), then
is analytic and |F 1 (z)| ≤ C ′ (1 + | Re z|) a | Im z| −b when Im z ∈ Γ and | Im z| is small enough.
Corollary 2.9
′ . Let B and ω, v and v 0 be defined as in Theorem 2.7 ′′ . Also let Γ 1 , . . . , Γ m be closed cones in
If there exists another decomposition f = m j=1 f ′ j which also satisfies the conditions above, then f
Wave-front sets of inf type
In this section we show analogous results for wave-front sets of inf types. We recall the definitions of these types of wave-front sets from Coriasco, Johansson and Toft [1] . Let B j be a translation invariant BF-space on R d and ω j ∈ P(R d ), when j belongs to some index set J, and consider the array of spaces, given by
(4.1)
We recall that the wave-front sets of inf types WF 
Here χ Γ ξ 0 is the characteristic function of Γ ξ 0 .
Before stating analogous results to those for wave-front sets of Fourier BF-spaces we compare the wave-front sets of Fourier BF-spaces with the wave-front sets of inf types defined above.
Since
Theorem 2.7 ′′ . Let B j be a translation invariant BF-space on R d and ω ∈ P(R d ) for every j ∈ J. Also let B j be defined as in (4.1) and let f and F satisfy the conditions in Theorem 2.6. Then we have that
Proof. We have that
The proof is complete If F is analytic in Ω and satisfies (2.1), then
is analytic and
when Im z ∈ Γ and | Im z| is small enough.
The following Corollary is an analogue to Corollary 8.4.13 in Hör-mander [12] .
Wave-front sets of modulation space types
In this section we show that the results obtained for wave-front sets of Fourier BF-space types also hold for wave-front sets of modulation space types.
We start by defining general types of modulation spaces. Let (the
. We usually assume that φ ∈ S (R d ), and in this case the short-time Fourier transform (V φ f ) takes the form
when f ∈ S (R d ). Now let B be a translation invariant BF-space on R 2d , with respect to v ∈ P(R 2d ). Also let φ ∈ S (R d ) \ 0 and ω ∈ P(R 2d ) be such that ω is v-moderate. Then the modulation space M(ω) = M(ω, B) is a Banach space with the norm
(cf. [8] ). Assume that ω ∈ P(R 2d ). We recall that the wave-front sets of modulation space types WF M (ω,B) (f ) consists of all pairs
for every open conical neighbourhood Γ ξ 0 of ξ 0 , and ϕ ∈ C ∞ 0 with ϕ = 1 in some open neighbourhood X of x 0 . Here χ Γ ξ 0 is the characteristic function of Γ ξ 0 . It can also be showed that wave-front sets of modulation space types and wave-front sets of Fourier BF-types coincide. More precisely, let
, which is independent of the choice of ϕ. Furthermore M(ω, B) and FB 0 are locally the same and
By using the previous results in combination with this we obtain the following results.
B is a translation invariant BF-space and ω ∈ P(R 2d ). Then f ∈ M(ω, B) at x 0 if and only if there is some neighbourhood X of x 0 such that for some ϕ ∈ C ∞ 0 with ϕ ≡ 1 in X we have that ϕf ∈ M(ω, B).
We recognize by the arguments before that since the definition above only concerns local properties it holds that f ∈ M(ω, B) at x 0 if and only if f ∈ FB 0 (ω) at x 0 , where B 0 is given by (5.2).
We note that if f belongs to M(ω, B) at
This implies that we can choose a function ϕ x 0 ∈ C ∞ 0 which is equal to 1 in a neighbourhood X of x 0 such that ϕ x 0 f ∈ M(ω, B). Hence x 0 ∈ sing supp M (ω,B) (f ).
Next theorem is analogous to Theorem 2.7.
Theorem 2.7
′ . Assume that f and F satisfy the conditions in Theorem 2.6. Also let B be a translation invariant BF-space and ω ∈ P(R 2d ). Then we have that
We remark that F is in M(ω, B) at x − iξ if for some neighbourhood V of (x, ξ) there exists some localization ϕ ∈ C ∞ 0 with ϕ = 1 in V such that ϕf ∈ M(ω, B).
Proof. Let B 0 be defined as before. Then it follows that
From the result in the previous section we also have that
Now since the right-hand side only concern local properties and FB 0 (ω) and M(ω, B) are locally the same it follows that
This completes the proof.
By arguments given before it is obvious that Lemma 2.8 and Corollary 2.9 hold also for modulation spaces instead of Fourier BF-spaces. We therefore state the following results without proofs.
Lemma 2.8
′ . Let B be a translation invariant BF-space and ω ∈ P(R 2d ). Also let dµ be a measure on S d−1 and Γ an open convex cone such that y, ξ < 0 when 0 = y ∈ Γ, ξ ∈ supp dµ. If F is analytic in Ω and satisfies (2.1), then
Corollary 2.9
′ . Let B be a translation invariant BF-space and ω ∈ P(R 2d ). Also let Γ 1 , . . . , Γ m be closed cones in
6. Some additional properties
In this section we prove some further properties for the wave-front sets of Fourier Banach types using results from the previous section.
• is the dual of an open convex cone Γ. If X 1 ⊆ X and Γ 1 is an open convex with Γ 1 ⊆ Γ ∪ {0}, then there exists a function F that is analytic in {x + iy; x ∈ X 1 , y ∈ Γ 1 , |y| < γ}, such that
and such that the limit of F (· − iy) in Γ 1 , when y → 0, differs from f by an element in FB(X 1 ).
From this follows that
Then Theorem 2.7 implies that V ∈ FB at every point in
and where M belongs to the interior of Γ
• . Then v = v 1 + v 2 where
belongs to FB in X 1 and v 2 is the boundary value of the analytic function
Lemma 2.8 completes the proof.
As mentioned before we have that WF FB (f ) ⊆ WF A (f ). In the following proposition we describe a relation between the wave-front sets of Fourier Banach function types and analytic wave-front sets. Proposition 6.2. Let B be a translation invariant BF-space and f ∈ D ′ (R d ). Then
For the proof we need the following Lemmas which are extensions of Proposition 1.5 and Lemma 1.6 in [15] .
The assertion (1) now follows from this estimate and the fact that
and let B be a translation invariant BF-space. Also let (x 0 , ξ 0 ) ∈ X × R d \ 0. Then the following conditions are equivalent:
(
Proof. In this proof we use the same ideas as in [13, Proposition 8.2.6 ] (see also [15] and [16] ). We may assume that g ∈ FB loc (X) in (2) and (3) since the wave-front sets concern local properties. Assume that (2) holds. We can then find an open subset X 0 of X and some open cone Γ = Γ ξ 0 and a sequence ϕ N ∈ C ∞ 0 such the ϕ N (f − g) = f − g on X 0 and 
when ξ ∈ Γ and Γ is chosen sufficiently small. Since ϕϕ 1 = ϕ we have that (6.1) holds. This implies that (x 0 , ξ 0 ) ∈ WF(f − g). This proves that (1) and (2) are equivalent. Since WF(f ) ⊆ WF A (f ) for each distribution f , it follows that (2) holds if (3) is fulfilled. Assume that (2) holds. Then in view of of the remark before Corollary 8.4.16 in [12] there exists some h ∈ C ∞ (X) such that (x 0 , ξ 0 ) ∈ WF A (f − g − h). Since C ∞ ⊆ FB loc (X) it follows that g 1 = g+h ∈ FB loc (X). Hence (3) holds, and the result follows.
Proof of Proposition 6.2. We start by showing that
for every g ∈ FB. Since WF FB (f − g) ⊆ WF A (f − g) it is sufficient to show that WF FB (f ) ⊆ WF FB (f − g), (6.2) for every g ∈ FB.
Assume that (x 0 , ξ 0 ) ∈ WF FB (f − g). Then there exist ϕ x 0 ∈ C ∞ 0 with ϕ x 0 (x 0 ) = 0 and an open conical neighbourhood Γ = Γ ξ 0 of ξ 0 such that F (ϕ x 0 (f − g))χ Γ ξ 0 B < ∞. It follows by Lemma 6.3 that F (ϕ x 0 g)χ Γ ξ 0 B < ∞ for every g ∈ FB and then
This shows that (6.2) holds. In fact, by similar calculations we can show the opposite inclusion and thereby obtain equality in (6.2). We have now shown that
We obtain the opposite inclusion by using Proposition 6.4. This completes the proof. 
Proof. We use the same notation as in Theorem 2.7. Then Here K is the linear operator with kernel K.
Proof. Replace K by K(1 ⊗ f ) and assume that f = 1. Without changing K over a given compact subset of X we may replace K by a distribution of compact support, and then the statement is identical to Theorem 6.8.
